We calculate the power spectrum of adiabatic density perturbations in an open inflationary model in which inflation occurs in two stages. First an epoch of old inflation creates a large, smooth universe, solving the horizon and homogeneity problems. Then an open universe emerges through the nucleation of a single bubble, with constant density hypersurfaces inside the bubble having constant negative spatial curvature. An epoch of 'slow roll' inflation, shortened to give Ω 0 < 1 today, occurs within the bubble, which contains our entire observable universe. In this paper we compute the resulting density perturbations in the same 'new thin wall' approximation used in a previous paper, but for an arbitrary positive mass of the inflaton field in the false vacuum.
Introduction
If the current density parameter Ω 0 is smaller than unity as some observations suggest, then we live in an open universe, described to a first approximation by a Friedmann-Robertson-Walker (FRW) metric of the form Most inflationary models [1, 2, 3] predict a value of Ω 0 extremely close to unity. However, this is not a necessary consequence of inflation. As noted by Coleman and de Luccia [4] and by Gott, [5] when a bubble nucleates in de Sitter space, inside the forward light cone of the materialization center, spatial hypersurfaces on which the scalar field is constant are spaces of constant negative spatial curvature. In other words, the bubble contains an expanding open FRW universe. Consequently, one can create an open universe from inflation through a two-stage process. [5, 6] During an initial epoch of old inflation the inflaton field is stuck in a false vacuum. In this epoch the smoothness and horizon problems are solved; whatever inhomogeneities may have existed prior to inflation are erased. Then old inflation is exited through the nucleation of a single bubble. Instead of tunneling directly to the true vacuum, the inflaton field tunnels onto a 'slow roll' potential, and a shortened epoch of new inflation occurs inside the bubble. By new inflation, we mean here slow-roll inflation and do not refer to the way in which inflation began. For our purposes it is sufficient to assume that a sufficiently large volume became stuck in the false vacuum. This may have happened chaotically, [3] or perhaps in some other way. Formally Ω is exactly zero on the forward light cone of the materialization center, and Ω flows toward one during the epoch of new inflation inside the bubble until that era ends at reheating. In the subsequent
evolution Ω flows away from unity. Its present value, Ω 0 , is determined by the total one has to tune not a very small number, but rather the logarithm of a very small number. Numerically, this turns out to be a rather mild requirement. [6] Prior to bubble nucleation the geometry of spacetime is that of pure de Sitter space, with
where φ f v is the expectation value of the inflaton field in the false vacuum. To exploit the SO(3, 1) symmetry of the expanding bubble solution, it is advantageous to work in hyperbolic coordinates, which divide maximally extended de Sitter space into five coordinate patches, shown in Fig. 1 , only two of which shall concern us here.
The line element for region I is given in eqn. (1.1), and for de Sitter space
. The line element for region II is To compute the spectrum of density perturbations produced by quantum fluctuations of the inflation field, one has to evolve the mode functions from the external de Sitter space across the bubble wall and into the bubble's interior. In a previous paper, [6] we performed this calculation in three stages. First we expressed the 2 'Bunch-Davies' vacuum modes (the natural vacuum modes for de Sitter space, see below) in hyperbolic coordinates. We then matched these modes across the bubble wall, taken to be very thin. Finally we included the coupling to gravity and computed the spectrum of density perturbations including gravity in the interior of the bubble.
Because of the technical difficulty of the calculations, we restricted ourselves to a special case, where the mass m 2 of the inflaton field in the false vacuum equals 2H 2 , with H the Hubble constant during old inflation. As we emphasized there, this was an assumption without physical basis, solely made to simplify the computation. In this paper we generalize the result to arbitrary positive m 2 /H 2 . For those parts of the computation that are identical, we cite the results from ref. 6 .
Some of these issues have been investigated using a technique involving analytic continuation of Euclidean modes in a series of recent paper. [7] (See Note Added).
The organization of the paper is the following. In section II we discuss initial conditions. The Bunch-Davies vacuum for a massive scalar field is expanded in terms of region II hyperbolic modes. In section 3, we continue these modes into the bubble coupling to the scalar component of linearized gravity and calculate the power spectrum. In section IV we present some concluding remarks.
Initial Conditions
Initially, prior to bubble materialization, the fluctuations of the inflaton field about the false vacuum may be regarded as a free scalar field of mass 
where we work in units with H = 1 and where L 2 is the usual angular momentum operator. Using the 'new thin wall approximation,' discussed in detail in ref.
[6], we set m 2 equal to V ′′ [φ f v ] everywhere in region II and equal to zero everywhere in region I. To compute the power spectrum, it is sufficient to consider only the s-wave sector, so we set L 2 = 0. Eqn. (2.1) can be solved by separation of variables, where
where S(σ) satisfies
After 
In terms of u, where tanh[u] = x = cos[σ],
(2.6)
From the self-adjointness properties of the Legendre equation, it follows that
where the functions C 1 (ζ) and C 2 (ζ) are to be determined from the asymptotic behavior of P iζ ν ′ as u → +∞ and u → −∞. Note that since ν ′ is either real or of the form
From the relation 9) it follows that as u → −∞,
(2.10)
Consequently, using
where P.P. indicates the principal part, one obtains 12) and similarly
(2.13) 6 We wish to define spatial mode functions F iζ that are linear combinations of P iζ ν ′ and P −iζ
14)
The functions C 1 (ζ) and C 2 (ζ) have the form
whereξ(ζ) andφ(ζ) are real. Therefore, we may choose F iζ according to 16) which in terms of C 1 (ζ) and C 2 (ζ) may be rewritten as
It follows the creation and annihilation operators associated with the modes
obey the usual commutation relations Bogolubov transformation, which we shall now calculate.
We form 'positive frequency' modes (with respect to the Bunch-Davies vacuum)
by considering linear combinations of the form
where the coefficients c ζ are to be determined.
We may determine the coefficient c ζ , and verify the validity of the ansatz (2.21) as well, by requiring that products of the form (f
to vanish where p is a Bunch-Davies positive frequency mode, and where we define
where Σ is a Cauchy surface with unit normal n µ , and dΣ µ = dΣn µ with dΣ the volume element on Σ. If the product in eqn. (2.22) vanishes for all p, then f
is a positive frequency mode.
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The Bunch-Davies positive frequency modes in terms of closed coordinates are known. They are
where
where tanh[η/2] = e t . Here k is a positive integer. η = π 2 corresponds to τ = 0 and at τ = 0 one has ∂t = ∂ η .
We thus obtain an infinite number of equations, and the kth equation is solved by
.
(2.28)
In appendix A we prove that the right-hand side of eqn. (2.28) is independent of k, so that all of these equations are equivalent.
It readily follows from eqn. (2.25) that
where we have used ν = ν ′ + 1 2 .
We first calculate the integrals in eqn. (2.28) for k = 1. We rewrite
Similarly,
We simplify the generalized hypergeometric functions using Whipple's theorem, [10] which states that Consequently,
so that c ζ = −e −π|ζ| . The result agrees with the previous calculation for the special case ν ′ = 0 in ref. [6] . Surprisingly, the result is independent of ν ′ .
Near the null surface the 'positive frequency' part of the inflaton field operator iŝ 
Continuation into the Open Universe
In the previous section we expanded the Bunch-Davies vacuum in region II in terms of the hyperbolic modes. In this section we continue these modes into region I, so that we can calculate the power spectrum of Gaussian adiabatic density perturbations today.
In the new thin wall approximation explained in ref. 6 , the effective mass squared of the inflaton field (equal to V ′′ [φ b ] where φ b is the background value for the inflaton field), changes discontinuously from m 2 = V ′′ [φ f v ] to zero as one passes across the forward light cone of the materialization center from region II into region I. This discontinuity is a result of the approximation, in which we assume that: (1) the bubble radius (at materialization) is small compared to the Hubble radius H −1 during old inflation, and (2) the bubble radius (at materialization) and thickness are small compared to the co-moving wavelengths of interest. If these two conditions are not satisfied, the computation becomes more involved, and the results would then depend on the detailed shape of the potential in the vicinity of the false vacuum.
In ref. [6] we derived the following matching conditions across the light cone For small t the positive frequency part of the field operator is
e πζ − e −πζ 1/2
e −πζ/2 e πζ − e −πζ 1/2
In ref. [6] it was shown that the asymptotic behavior near the null surface for the inflaton field φ ≈ e ±iζη−η corresponds to the asymptotic behavior
for the gauge invariant gravitational potential. It was further shown that the asymptotic behavior for Φ above matches onto the exact solution
subject to the following assumptions: (1) H remains constant, and (2) the potential is linear. Consequently, to write the positive frequency part Φ (+) , we modify eqn.
14 (2.35) to becomê
Even though we are working in units with H = 1, we insert the H −1 factor to facilitate later conversion to more conventional units in the final result. We define the power spectrum for Φ according to the following relation for the two point function:
Taking the limit t → ∞ [η → 0 − ] isolates the growing mode. P Φ shall denote the limit of P Φ (ζ, t) as t → ∞. It follows from eqn. (3.5) that
Using χ = 16πG(V 2 /V 2 ,φ )Φ (during inflation), one obtains that the power spectrum for χ (which has a normalization that relates more directly to the density perturbations seen after reheating) is
Computing the power spectrum in the limit t → +∞, which formally assumes inflation without end, has the effect of completely eliminating the decaying mode. While Ω is close to one (which is true here except for the very early part of the new inflationary epoch) the variable χ is conserved on superhorizon scales irrespective of changes in H or in the slope of the potential. Note with the conventions used here P ∼ ζ −3 corresponds to scale invariance.
Our result differs from that of Lyth and Stewart [11] and of Ratra and Peebles [12, 13] (who assume different initial conditions for the quantum fields) only by the factor in square brackets in eqn. The phenomenology of the Ratra-Peebles spectrum has been explored in a number of recent papers, with the assumption that the inflaton potential V (φ) is linear.
The conclusion of those papers was that for Ω 0 ∼ 0.3 − 0.4, adiabatic density perturbations of the form studied here were consistent with most current observational constraints. [14, 15] We should point out, however, that in our scenario, which provides physically motivated initial conditions, there is no very strong reason to expect the potential to be linear over the range of φ of interest. By shortening the length of the 'slow-roll' transition and assuming that the potential does have significant structure (i.e. a false vacuum) for the relevant range of φ, we are increasing the sensitivity of the final perturbation spectrum to the details of the potential. For example, it may be that within our framework a positively tilted spectrum (i.e., increasing power at shorter wavelengths) is quite likely, and this could restore the viability of models with even lower values of Ω 0 .
Concluding Remarks
We conclude with the following comments:
1. In ref. [6] we calculated the power spectrum for the 'conformal' mass case m 2 /H 2 = 2. There was no physical motivation for choosing this mass; the choice was made solely for computational simplicity. Naively one might expect that allowing m 2 /H 2 to be a free parameter would diminish the predictiveness of open inflation.
However, this does not turn out to be the case, except for very small values of Ω 0 , which can be ruled out observationally based on lower bounds on the mean mass density of the universe. For scales smaller than the curvature scale there is little freedom to alter the density perturbations by adjusting m 2 /H 2 .
2. The assumptions made here to calculate the power spectrum should be stressed.
We assumed that at materialization the size of the bubble and the bubble wall thick- 3) in terms of F and u as
When 0 ≤ m 2 /H 2 < 2, there exists a single bound state, which must be included into the mode expansion in region II for completeness. This mode, however, does not propagate into region I, because as u → ∞ (or alternatively as σ → 0) and one approaches the boundary of region I, this mode decays exponentially in u. It is a mode confined to region II and thus can safely be ignored for the calculation of the density perturbations inside the bubble.
4.
For small values of m 2 /H 2 one has to worry about whether the tunneling is described by an SO(3, 1) symmetric bounce (i.e., the Coleman-de Luccia instanton).
When |V ′′ |/H 2 < 4 at the top of the barrier (i.e., at the local maximum), the tunneling is described by the Hawking-Moss instanton [16] rather than the Coleman-de Luccia instanton. [17] In this regime there is no expanding bubble solution that is SO(3, 1) symmetric, and it seems doubtful that a sufficiently homogeneous and isotropic universe will result. Moreover, in the limit as the Coleman-de Luccia instanton approaches the Hawking-Moss instanton, the power spectrum on large scales diverges, because of the flatness of the potential near the local maximum. The physical interpretation of the Hawking-Moss instanton has been discussed in refs. [18] . Generally, one would expect m 2 /H 2 (at the local minimum) to be comparable to |V ′′ |/H 2 at the local maximum, so it would appear difficult to construct viable models with very small
***************************
The implications of the power spectra calculated here for the cosmic microwave background will be discussed elsewhere.
[19]
Note Added: After this work was completed, we received a preprint by K.
Yamamoto, M. Sasaki, and T. Tanaka on the CMB anisotropy from open inflation.
[20]
Their results do not agree with ours. Several differences should be noted:
(1). Although the same scenario that we considered is described in sections I and II of ref.
[20], in section III they apparently switch scenarios to one in which the mass of the scalar field does not change across the bubble wall. [They assume that is independent of k. We denote the integral in the numerator A ν ′ ,k and that in the denominator B ν ′ ,k . 
